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It Pays to be a Loser

● Two loosing games, A and B, can produce a
winning game
– When played in alternating, random, or self-similar

sequence

– Analogous to a Brownian ratchet

● Random motion can play a constructive role
● Introduce the Brownian ratchet and Parrondo's

game
● Fokker-Planck equation
● Volatility pumping



  

It Pays to be a Loser

● Parrondo's game: Simple coin tossing loosing
games to produce a winning game

● A set of equations relating drift, F(x), with
diffusion, D(x), characterizing a Brownian
ratchet with probabilities defining a Parrondo
game

● Only games that are win or loose, not draw
– D(x) = D (a constant), implying the noise term in the

Langevin equation is additive



  

Applications
● Quantum game theory

– Controlling decoherence: Loss of coherence of phase angles between
components of a system in a quantum superposition

● Dephasing leads to additive behavior

● Onsanger's rate equation

– Chemical reactions

● Spatial patterns

– Random alteration in two dynamics can lead to complex structure

● Reaction diffusion: Change in space/time of concentration

● Controlling chaos

– Two chaotic events combine to produce order

● Stock volatility

– Two losing stocks combine to produce a positive gain



  

Parrondo's Paradox

● Parrondo's Paradox
– Game A: A single coin tossing with a loaded coin that

will loose more than win

– Game B: Involves two biased coins, which one is tossed
depends on how much money the player has.

● One coin has a probability of winning
● The other coin will loose, and is set up to be played more often
● In the long run, the player will loose

– If games A and B are alternated, the outcome will be
winning.

– Even if the games are switched at random, the outcome
is still winning



  

Parrondo's Paradox

● Switching between the two games creates a
ratchet accumulation of wins.

● Winning rounds carries the players capital
uphill.

● Swapping to the other game traps the winnings
in the ratchet before subsequent repetitions of
the same game can introduce decline.



  

Parrondo's Paradox

● Games of chance can be considered a process
of random events
– Brownian motion of dust particles suspended in a

liquid

– Random motion can play a constructive role

● Parrondo's paradox is a violation of the second
law of thermodynamics for symmetric potential
– If there were a tendency to move in one direction

the particles would have to spontaneously extract
thermal energy to move



  

Parrondo's Paradox

● Brownian particles can have directed motion in
spatially asymmetric periodic energy potential profiles.

● Molecules in chemical reactions, called, “molecular
motors” are able to harness Brownian motion and
convert it to directed motion
– Extracting free energy to perform mechanical work

● When a tilted periodic potential is toggled on and off by
solving the Fokker-Planck equation for the flashing
ratchet.
– Brownian particles move uphill



  

Brownian Motion

● The dynamics of Brownian particles in a
Brownian ratchet are a result of diffusion and
externally applied forces.

● The probability density of finding a particle at a
certain place and time can be modeled using a
PDE called the Fokker-Planck equation

● Using standard finite difference methods, a set
of finite difference equationas can be derived
that have the same form as Parrondo's game
– Parrondo's games are discrete-time versions of a

Brownian ratchet



  

Ratchet and Pawl

T T12

From a molecular point of view, how do you explain 
the fact that there is a maximum amount of work that 
can be extracted from a heat engine.  Popularized by 
Feynman in 1962

What is the relationship between the flashing ratchet 
and Parrondo's paradox?

T
1
 = T

2



  

Flashing Brownian Ratchet

● A ratchet and pawl was proposed as a perpetual machine
in the early 20th century by Smoluchowski

– Allow motion in a single direction

● Harness Brownian motion and covert it to directed motion,
asymmetry is determined by “a”, being less than 0.5

Ratchet on

Ratchet off

High potential

Low potential

-(1-a)L
aL

-L

L



  

Ratchet and Pawl
● Mechanism

– Two one-dimensional potentials: V
on

 and V
off

– The asymmetry of V
on

 is determined by “a”, where 0
< a < 1

– When a = 0.5, the symmetry is triangular, otherwise
it is asymmetrical: a < 0.5

– When V
on

 is applied, particles are trapped in the
potential

– When V
off 

is applied, the particles are free to diffuse

– When V
on

 is applied again, the particles move
forward, with P

forward 
to the minimum located at L



  

Fokker-Planck Equation

● Parrondo's games are another way of sampling
a Fokker-Planck equation

● We want to model a macroscopic statistical
description for the diffusion of a very small
particle in a uniform field, under the influence of
external forces.
– Two methods exist:

● Stochastic differential equation (Langevin equation)
● Partial differential equation (Fokker-Planck equation)



  

Fokker-Planck Equation

● The starting point is the Fokker-Planck equation
● For the probability of P(x,t) of a Brownian

particle moving in a time dependent one-
dimensional potential V(x,t):

D∂2P/∂x2 − α∂P/∂x − α∂P/∂x − ∂P/∂t = 0

α and D are the first and second moments of
diffusion, where D is a constant according to
Fick's law.



  

Fokker-Planck Equation

● The one-dimensional potential, V(x,t), can be
expressed as:

α(x, t) = −u∂V(x,t)/∂x

u = mobility of Brownian particle

● The ides is to put the Fokker-Planck equation
into a discrete form using the finite difference
method



  

Fokker-Planck Equation

● The discretized form of the Fokker-Planck
equation is compared to the master equation of
Parrando's games:

P
i,j
 = ai,jP

i−1,j−1
 + ai,jP

i,j−1
 + ai,jP

i+1,j−1-1 0 +1



  

Fokker-Planck Equation

● The master equation describing Parrondo's
games can be written as a discretized Fokker-
Planck equation for a Brownian particle
describing a ratchet
– Master equations describe the time-evolution of a

system that can be modeled as being in exactly one
of the states at any given time.



  

Fokker-Planck Equation
● The first moment depends on the magnitude of

the externally imposed forces and on the
mobility of the Brownian particle

● Taking into account the functional forms of D
and α, the Fokker-Planck equation can be
rewritten in the descretized form as:

Pi,j = � i� 1 Pi� 1,j� 1 + � iPi,j� 1 + (1� � i+1 �  � i+1)Pi+1,j� 1

● This is precisely in the form that is required for
Parrondo's games, where player P had capital i 
at the j play



  

Fokker-Planck Equation

● Combine the discretized form of the Fokker-
Planck equation with the master equation of the
Parrando's games, and solve for the value of
the first moment of diffusion:

α
i
 = 

λ [π
i−1

 + (1−π
i+1

)]

2D[ π
i−1

 − (1 − π
i+1

)] 

● Combine the first moment of diffusion of the
Fokker-Planck equation with the above
equation to obtain the potential, V(x,t).



  

Fokker-Planck Equation

● The discretized values of the potential are:

● This equation obtains the potential in terms of
the probabilities of π

i 
of the Parrondo game



  

Lets Play a Game

● Game A

Probability of Winning Probability of loosing

0.5 - ε 0.5 + ε

● Winning: receive $1.00
● Loosing: loose $1.00
● ε is chosen to be 0.005 to bias towards loosing



  

Lets Play a Game

● Game B
● If the capital is a multiple of 3, then the chance

of winning is P
3
 = 0.1 – ε, else, P

2
 = 0.75 – ε

Is capital a multiple of 3

Yes

P
win

P
lose

0.10 - ε 0.9 + ε

P
win

P
lose

0.75 - ε 0.25 + ε

No



  

Lets Play a Game

Play the game 100 times and each game is averaged over 50,000 runs



  

Thue-Morse Sequence

● A binary sequence

Rule

0 → 01
1 → 10

01101001

Let Game A = 0
Game B = 1

Self-similarity  01101001  → 0110 



  

Thue-Morse Sequence

ABBA ABBABAAB



  

Volatility Pumping

● Switching between volatile assets and non-
performing cash reserves can produce an
increase in gain

● Mixing a mediocre low risk stock with a high risk
stock

● Volatility pumping: Sell both stocks each day
and re-buy them, 50:50 portfolio rebalancing 



  

Volatility Pumping
Randomly generated game A and game B



  

Hamilton-Jacobi Approach

● Flashing ratchet: Molecules diffusing in a
potential with space-time periodic switches and
diffusion comparable to the period of the
potential

● Use the Hamilton-Jacobi equation at the zero
diffusion limit
– Obtain the Hamiltonian with properties that are

related to the concentration



  

Thermodynamics of Games of
Chance

● Parrondo's game can be exactly derived from
the Fokker-Planck equation
– Can investigate the discrete-continuous interface

● Used in optimization and control problems

● Wick transform
– Connecting statistical mechanics to quantum

mechanics by replacing the inverse temperature
with imaginary time: 1/K

B
T and it/h

– Schrodinger's equation and heat equation are
related by a Wick transform



  

Thermodynamics of Games of
Chance

● Fokker-Planck equation can be transformed
into Schrodinger's equation

● Parrondo's game has direct relationships with
thermodynamics, opening up the idea that
thermodynamics can be used for games of
chance



  

Summary

● The flashing Brownian ratchet helps explain
Parrondo's games

● The process of switching between games can
alter the overall behavior of the system

● Interaction between noise and asymmetry lead
to directed motion with the criteria that the
system is out of equilibrium (i.e. asymmetric)


